Abstract-This paper presents an analysis of the application of the time-resolved Hilbert transform to simulated measurements of the wave structure in the dust acoustic wave. It is shown that the observation of structures in the dominant frequency modes that have been made in experimental measurements of the driven dust acoustic wave is due to the nonlinearity in the wave mode and that the time-resolved Hilbert transform can be used to measure the nonlinearity in the driven wave mode. This was tested on experimental data and excellent agreement was observed.
I. INTRODUCTION

D
USTY plasmas are four-component plasma systems composed of ions, electrons, neutral particles, and charged microscopic particles or dust. When the dust, which in the laboratory setting consists of nanometer-to micrometersized particles, interacts with the background plasma, it acquires a net charge and self-consistently modifies the properties of the surrounding plasma medium. The resulting plasma system is significantly more complex than the traditional plasma system and supports a range of new plasma phenomena [1] - [5] . Experimentally, these systems are of interest because the dust has a significantly larger size and relatively low charge-to-mass ratio (compared with the ions and electrons), which results in a system that supports a wide range of new plasma phenomena at frequencies that are low enough to visually study at the kinetic level using laser light scattering techniques. One of these new plasma phenomena is a collective mode known as the dust acoustic wave, also known as the dust density wave [6] - [9] .
The dust acoustic wave is low-frequency longitudinal mode that propagates through the dust component of the dusty plasma system and is self-excited by the free energy from the ion streaming through the dust component [10] . The majority of the dust acoustic waves that are observed in the laboratory setting are nonlinear and the nonlinear properties of this wave mode have been a topic of great interest in recent years [11] - [24] . As such, the nonlinearity of the wave mode is an important experimental parameter. The author is with the Department of Physics, Wittenberg University, Springfield, OH 45501 USA (e-mail: jwilliams@wittenberg.edu).
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The nonlinearity of the wave modes that are typically observed in the laboratory setting allows the wave mode to become synchronous with an external drive under the right experimental conditions. In the context of dusty plasmas, synchronization occurs when the self-excited dust acoustic wave mode couples with and adjusts to an externally applied modulation. This has allowed detailed measurements of the properties of this wave mode, including its dispersion relation [14] , [25] - [30] , [32] - [34] . One of the techniques that has been employed to study the properties of this wave mode is a time-resolved Hilbert transform [35] , which provides a spatially and temporally resolved measurement of the dominant frequency mode throughout the dust cloud. In [36] , it was observed that there are minor fluctuations in the dominant frequency mode when the wave is in the driven mode. In this paper, we show that this fluctuation that has been observed to be superimposed on the dominant frequency mode is due to the nonlinearity in the wave. Further, it will be shown that the time-resolved Hilbert transform can be used to provide a measure of the nonlinearity in the wave mode.
II. EXPERIMENTAL RESULTS AND MOTIVATION
The experimental results that motivated this paper were performed in the Wittenberg University Dusty Plasma Device (WUDUPE) [32] . In this device, an argon plasma was generated by biasing a 2.54-cm (1-in) diameter brass electrode positive with respect to the grounded vacuum chamber wall using a voltage-controlled constant-current power supply at a neutral gas pressure of 90 mTorr. Under these experimental conditions, dust clouds composed of 1.98-μm-diameter melamine microspheres (ρ = 1510 kg/m 3 ) were suspended in the anode glow of the discharge, confined by the gravitational and electric forces due to the selfconsistently formed potential structure of the anode. Once the dust cloud has formed, the discharge current was adjusted until a self-excited dust acoustic wave is observed to spontaneously appear and propagate in the vertical or the −y direction, i.e., parallel to the direction of gravity. For the work that is presented in [32] , the plasma was sustained by biasing the electrode with a voltage of 350 V at a constant discharge current of 0.35 mA. Once the wave mode was observed, a sinusoidal modulation, I mod,pp = 0.036 mA, was superimposed on the discharge current at frequency of 15 Hz for 4 s (i.e., 60 cycles) beginning 3 s after the camera began acquiring data. During this time, the wave mode became synchronous with the external modulation and the driven wave mode was observed. Additional experimental details can be found in [36] .
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See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. The dynamics of the wave mode were observed by illuminating a ∼1-mm-thick slice in the center of the dust cloud using a 200-mW diode pumped solid-state laser (λ = 532 nm). The scattered light was imaged using a Photron SA3 CMOS camera that is oriented perpendicular to the laser sheet. A video sequence consisting of 5000 images was acquired at a rate of 500 frames/s and a bandpass filter was used to eliminate light emitted by the background plasma glow.
From the image data, the spatiotemporal evolution of the wave mode in the frequency domain was obtained by applying a time-resolved Hilbert Transform [36] to the wave structure at each pixel location in the image. The wave structure as a function of time, n d (x, y, t), was found from the pixel intensity after applying a Gaussian lowpass filter to each image to suppress the effects of the granularity of individual particles and the subtracting the time averaged background dust density, n d,o , from each filtered image. The analytic signal was then constructed by expanding the measured wave structure into the complex plane,
is the Hilbert transform of the measured wave structure,
is the instantaneous phase. The instantaneous phase is then unwrapped to eliminate discontinuities due to phase jumps from 2π → 0. From this, the instantaneous frequency f i (t o ) can be found from the derivative of the unwrapped instantaneous phase, signal-to-noise ratio is improved by averaging over several values of the instantaneous frequency, f m = f i (t) t . In this analysis, t = 136 ms (two wave periods at 15 Hz) was used to provide the needed temporal resolution while optimizing the signal-to-noise ratio. The reader is referred to [36] for additional details on the application of the time-resolved Hilbert transform.
To measure how synchronous the wave was with the external modulation, a synchronization index [37] ,
, was employed using a moving window procedure with 101 consecutive frames centered on time t. Here, p k is the fraction of data in the kth bin in the distribution of the cumulative difference in the unwrapped phase, φ(x, y, t)(mod 2π), N = 20 is the number of bins used to construct the distribution of the cumulative difference in the unwrapped phase, and H max = ln(N) is the maximum entropy corresponding to a uniform distribution. This synchronization index provides a normalized statistical measure of the strength of the synchronization from zero (indicating that there is no synchronization) to unity (indicating complete synchronization). When using this measure, synchronization is indicated by plateaus of elevated values of the synchronization index γ (t). The reader is referred to [36] and [39] for additional information.
The key results from this work are seen in Fig. 1 . In Fig. 1(a) , one sees a space-time plot showing the propagation of individual wavefronts in the dusty plasma system. Here, each vertical line represents an intensity profile from the center of the imaged dust clouds after applying a Gaussian low-pass filter to each image to suppress the effects of the granularity of individual particles and subtracting the background dust density. The dark bands that are seen in Fig. 1(a) indicate the propagation of individual wavefronts. Here, the transition from the natural to the driven wave mode can be seen in the transition to regularly spaced bands that occur around t = 3 s and is highlighted by the blue dashed line. This occurs with the onset of the external modulation. When the external modulation is discontinued at t = 7 s, there is a loss in the regular spacing that was observed while the external modulation was applied, indicating a return to the natural wave mode. The time-resolved Hilbert transform is applied to the data seen in Fig. 1(a) and the result is seen in Fig. 1(b) . Here, the transition to the driven mode is seen by the transition to the dominant frequency mode throughout the cloud being 15 Hz that occurs around t = 3 s and is again denoted by the black dashed line, which is identical to the one seen in Fig. 1(a) . The synchronization index γ for this data is seen in Fig. 1(c) . Here, synchronization is seen by sudden increase in the value of γ that occurs around t = 3 s and is highlighted by the black dashed line, which is identical to the one seen in Fig. 1(a) and (b) . It is also observed in Fig. 1(c) that there appears to be an immediate and global loss of synchronization when the modulation is discontinued at t = 7 s. It is noted, however, that this sudden transition is a consequence of the analysis technique since there is no longer an external modulation for the wave mode to be synchronous with. The transition back to the natural mode, which is more clearly seen in Fig. 1(a) and (b) , does take some amount of time, indicating that the system does have some memory of the external modulation once it has been discontinued.
Of interest to the work here is the banded structure that is superimposed on the dominant wave mode at 15 Hz and parallel to the direction of wave propagation in the spacetime plot of the dominant frequency mode [ Fig. 1(b) ], and the horizontal bands that appear in the space-time plot of the synchronization index [ Fig. 1(c) ], when the wave in the driven mode is from t = 3-7 s. This is more clearly seen in Fig. 2 , where the dominant frequency mode at y = 15 mm is plotted as a function of time [ Fig. 2(a) ] and the synchronization index γ is plotted as a function of vertical position at t = 4 s [ Fig. 2(b) ]. In both cases, the wave structure is superimposed in blue for reference. Here, it is clearly seen that the fluctuation in the dominant frequency is correlated with the wave structure and is at the same frequency as external modulation and the driven wave mode (15 Hz). In addition, it is observed that the peaks in the synchronization index correlate with the wavefronts that are seen in the image data. Given that each of these measurements comes from the phase found by employing the time-resolved Hilbert transform and that these observed structures in the dominant frequency and synchronization index are correlated with the wave structure, it is likely that these structures may be more than an artifact of the analysis technique and may be related to the nonlinearity in the wave mode.
III. SIMULATION
To examine if the structures that are seen in Fig. 2(b) and (c) are due to the nonlinearity in the observed wave mode, we apply the measurement process described in the previous section to surrogate data constructed using a nonlinear model of the wave structure that was proposed in [22] . In this work, the second-order perturbation theory was applied to interpret the nonsinusoidal dust acoustic waveforms that are often observed experimentally. From this, it was shown that the wave amplitude n d can be modeled as the sum of a sinusoidal term and a second-order term that involved the second harmonic, as described in Fig. 3(d) and (e), respectively. The simulated wave data seen in Fig. 3(a) are analyzed in the same fashion as the data seen in Fig. 1 . The dominant frequency mode found by applying the time-resolved Hilbert transform is seen in Fig. 3(b) . Here, one can clearly see the emergence of fluctuations in the dominant frequency with increasing nonlinearity in the wave mode. In addition, it is also clear that the observed fluctuation is correlated with the propagating wave structure and that the amplitude of the fluctuation increases with increasing nonlinearity in the wave mode (i.e., with decreasing values of y). This is more clearly seen in the plots of the dominant frequency mode (red curve) as a function of time at y ≈ −1.7 mm and y ≈ −86.1 mm in Fig. 3(d) and (e), respectively. Here, it is clear that there is no oscillatory structure superimposed on the dominant wave mode when the wave is linear [ Fig. 3(d) ]. However, a clear oscillatory structure is observed to be superimposed on the dominant wave mode when there is nonlinearity in the wave [ Fig. 3(e) ]. In Fig. 3(c) , it is observed that the banded structure in the synchronization index γ also emerges as the nonlinearity in the wave increases. Further, when looking at the synchronization index with decreasing y (increasing nonlinearity, n d,2 : n d,1 ) [ Fig. 3(f) ], it is clear that the banded structure that is seen in the synchronization index is correlated with the wave structure and the nonlinearity in the wave mode. Taken together, it is clear that the structures that were previously observed in the experimental data [36] are a consequence of the nonlinearity that is observed in the wave mode. Further, it is possible to relate the amplitude of the oscillatory structure that is observed to be superimposed on the dominant frequency mode to the nonlinearity in the wave mode. This is seen in Fig. 4(a) and (b) , where the simulated wave structure with n d,2 : n d,1 = 0.5 and the dominant frequency mode are plotted as a function of time, respectively. The oscillatory structure that is observed in Fig. 4(b) is fit to a sinusoid and the amplitude is found to be 0.508 ± 0.002. This is repeated for other values of the nonlinearity that are seen in Fig. 3 . The results of this analysis are seen in Fig. 4 , where it is seen that there is a proportional relationship (with a slope of 0.99547) in the nonlinearity in the simulated data, n d,2 : n d,1 , and the amplitude of the oscillatory structure that is seen to be superimposed on the dominant frequency mode from the time-resolved Hilbert transform analysis, which suggest that this technique can also be used to measure the nonlinearity in the driven mode of the dust acoustic wave. It should also be noted that this method, particularly at smaller values of nonlinearity, is somewhat susceptible to noise. This will be explored in more detail in a future work.
IV. RESULTS AND DISCUSSION
The simulation results discussed in the previous section reveal that the banded structure superimposed on the dominant wave mode that has been previously seen in the experimental data [36] is a consequence of the nonlinear nature of the wave modes that are observed in the laboratory setting. Further, these simulations indicate that the amplitude of this fluctuation can be used to provide a measure of the nonlinearity in the driven wave mode. To test this, we apply this technique to the driven wave data seen in Fig. 1 . This is illustrated in Fig. 5 . In Fig. 5(a) , 1 s of the experimental wave structure as a function of time centered on t = 3.5 is fit to (1) . From the fit, the nonlinearity in the wave is found to be n d,2 : n d,1 = 0.50 ± 0.01. The nonlinearity is also found by fitting the oscillatory structure that is observed to be superimposed on the dominant frequency mode from the Hilbert transform to a sinusoid. Using the amplitude from the curve fit and the calibration curve seen in Fig. 4(c) , a nonlinearity of 0.602 ± 0.008 is found. While the percent difference between these measured nonlinearities is 18.5%, the difference between these two values is quite small and within the typical measurement uncertainty of the wave structure, as illustrated in Fig. 5(c) . This is repeated using the driven wave data from t = 3-5 s using a rolling window of 1 s and the result is depicted by the color region superimposed on the space-time plot of the wave structure. While the agreement is not as good in regions where the wave is observed to be growing (y ≤ −15 mm) and damping as it approaches the bottom of the cloud (y ≥ −35 mm), there is generally a very good agreement between these two measures, particularly in the region where the wave is not observed to be growing or decaying. Taken together, this provides strong evidence that the time-resolved Hilbert transform can be used to measure the nonlinearity of the driven wave mode.
V. CONCLUSION
To summarize, we have shown that the time-resolved Hilbert transform can be used to measure the nonlinearity in the driven dust acoustic wave. In particular, we have shown that the oscillatory structure that has recently been experimentally observed in the dominant frequency mode found by applying the time-resolved Hilbert transform to the wave structure of the driven dust acoustic wave and the banded structure in the synchronization index γ is due to the nonlinearity in the wave mode. Using the simulated data, we have also shown that the amplitude of the observed oscillatory structure that is superimposed on the dominant frequency is proportional to the nonlinearity in the wave mode. This has been tested on the experimental data, and excellent agreement was observed.
